We prove the finite-time collapse of a system of N classical fields, which are described by N coupled nonlinear Schrödinger equations. We derive the conditions under which all of the fields experiences this finite-time collapse. Finally, for two-dimensional systems, we derive constraints on the number of particles associated with each field that are necessary to prevent collapse.
where g ij are the coupling constants (which, in the BEC context, can be written in terms of the relevant two-body scattering length). For simplicity we will assume g ij = g ji and no external potentials. To find the conditions that result in finite-time collapse of all classical fields, we examine the sum of the variances of the fields in the system, which can be expressed as
When V (t) = 0, since the variance of each given field, V i (t) is necessarily positive, all of the coupled classical fields must have a variance of zero, i.e. all fields become singular. To prove that V (t) → 0 in a finite time, using eq. 1, we calculate the variance for a given field (through successive integration by parts)
where, for simplicity, we have ignored the angular variables and, for completeness, we have kept the dimension of space d as a variable. Simplifying further using integration by parts, we arrive at the crucial result (which was not at all obvious for the multicomponent system) for the proof of the finite time collapse for coupled NLSEs:
Here the Hamiltonian, which is a constant of motion of this system, is given by
where T (t) corresponds to the kinetic energy of the system and is given by
and U (t) corresponds to the potential energy of the system and is given by
summing over repeated indices. Assuming d = 3, we must impose the condition U (t = 0) ≤ 0 in order to prove finite-time collapse using the variance method presented in this paper. This implies that the matrix g ij must be negative semi-definite [11] . If d = 2, there is no need to assume U (t) is negative. Then, following the logic presented in [9] for the single NLSE, we impose on eq. (4) the condition that g ij be negative semi-definite for d = 3 (no such condition is imposed for d = 2) to arrive at
Since H is a constant of motion, we can integrate this equation to obtain
The right-hand side will go to zero in a finite time -which, as argued above, implies that every one of the fields ψ i must become singular within a finite time -if any one of the following three sets of conditions is true:
Note that the time given in eq. (9) is only an upper bound on the collapse time of the entire system. The fact that the final term in eq. (4) is proportional to U (t), which was not expected a priori, greatly simplifies the proof of finite time collapse of classical fields whose behavior is determined by coupled NLSEs. This leads to the simple conclusion that if the potential energy, U (t), is sufficiently negative to overcome the kinetic energy, T (t), collapse will occur.
As an example, let us assume initially that every one of the fields is uniform, i.e. T (t = 0) = 0. In this case, a sufficient condition for finite-time collapse of all fields is that the matrix g ij be negative semi-definite, which assures U (0) < 0. Therefore, as the sum of T (0) and U (0), H(0) < 0, which satisfies the first set of conditions above.
If d = 2, one can derive strict contraints on the number of particles in each component given by N i (t) = dr|ψ i (r, t)| 2 in order for the coupled classical fields not to collapse. For clarity, let us first derive the analogous constraint on the number of particles for the collapse of a single field obeying the NLSE. The proof relies on the Gagliardo-Nirenberg inequality given by (note that the discussion below assumes d = 2)
where C is a positive constant determined by the appropriate Euler-Lagrange equations [10] . Note that we have temporarily removed the subscript as we are dealing here with only one non-coupled component. Using this inequality, one can show that
Therefore, if g ≥ 0, or if N (t) < −2/gC and g < 0, then the potential energy U (t) is bounded by a finite amount, which implies that the kinetic energy is also bounded, and hence collapse is not possible. One can generalize this argument to the case considered in this paper of N classical fields governed by coupled NLSEs given by eq. (1) for d = 2. Using the inequality given by eq. (10), one can show that
where Λ ij = δ ij /CN i (t) + g ij /2 and δ ij = 1 when i = j and zero otherwise. If Λ ij is positive definite [13] , then there will be no collapse as the potential energy is bounded by a finite amount. This condition, assuming g ij is given, puts constraints on the number of particles in each coupled field to ensure there is no collapse in d = 2, analogous to the single-component case considered above. Note that if Λ ij is not positive definite, then this analysis does not give information about whether or not collapse will occur.
